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In this paper we show that it is possible to model observable behaviour of coalgebras
independently from their internal dynamics, but within the general framework of
representing behaviour by a map into a \nal" coalgebra.
In the rst part of the paper we characterise Set-endofunctors F with the prop-
erty that bisimilarity of elements of F -coalgebras coincides with having the same
observable behaviour. We show that such functors have the nal coalgebra of a
rather simple nature, and preserve some weak pullbacks. We also show that this
is the case if and only if F -bisimilarity corresponds to logical equivalence in the
nitary fragment of the coalgebraic logic.
In the second part of the paper, we present a construction of a \nal" coalgebra
that captures the observable behaviour of F -coalgebras. We keep the word \nal"
quoted since the object we are going to construct need not belong to the original cat-
egory. The construction is carried out for arbitrary Set-endofunctor F , throughout
the construction we remain in Set, but the price to pay is the introduction of new
morphisms. The paper concludes with a hint to a possible application to modelling
weak bisimilarity for coalgebras.
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The nonexistence of the nal F -coalgebra indicates the inability of the lan-
guage to capture the internal dynamics of the system, even for systems with
extremely simple observable behaviour. In this paper we would like to show
that it is possible to model the observable behaviour of coalgebras indepen-
dently from their internal dynamics, but within the general framework of
representing behaviour by a map into a \nal" coalgebra. Throughout the
paper, by the observable behaviour of elements of a coalgebra A = hA; i we
mean the map Obs
A



























; : : :i:
Here, !
A
denotes the unique map A! 1 (where, as usual, 1 = fg), while the











() ÆF () Æ, and so on. Observable behaviour of a state is just the
unfolding tree of the computation started at that state. We call this observable
because it describes all possible interactions with the user (or observer) in a
nite but arbitrarily large portion of discrete time. Clearly, if a 2 A and




(b). If the reverse implication is




(b) implies the bisimilarity of a and b for all F -
coalgebras A and B, and all a 2 A and b 2 B, we shall say that F -bisimilarity
is observable.
In the rst part of the paper we characterise functors F with the property
that F -bisimilarity is observable. It comes as no surprise that such functors
have the nal coalgebra of a rather simple nature, and preserve some weak
pullbacks (but not necessarily all). This might also be understood as a step
towards answering the following question posed in [6]:
\[. . . ] we do not know an a priori reason why someone would want to
consider the property of preserving weak pullbacks except to say that it
applies widely and has many consequences."
It seems that the requirement for type-functors to preserve weak pullbacks
together with the existence of the nal coalgebra stems from an unspelled but
strong intuition that bisimilarity of two states should correspond to having
the same observable behaviour. We conclude the rst part of the paper by
showing that bisimilarity is observable if and only if it corresponds to logical
equivalence in a fragment of the coalgebraic logic [6] which consists of nite
conjunctions of nitary formulae.
In the second part of the paper we are trying to abstract from the structural
properties of coalgebras and consider only behavioural aspects. The main goal
is to represent observable behaviour of coalgebras by a \nal" object in some
category. It is clear that the carrier of the \nal" object should consist of
representatives of observable behaviours which we already have our hands on.







Bisimulations and homomorphisms are intimately related to the struc-
tural properties of F -coalgebras and convey structural rather than purely be-
havioural information. Therefore, we shall consider a wider concept of map-
pings, pointwise homomorphisms, who are powerful enough to represent the
behaviour of one-step transitions. By \unfolding" the functor we obtain a cat-
egory into which the original category embeds faithfully, and with the property
that one-step transitions of coalgebras of the ambient category correspond to
computations in the original category. With these tools we are able to rep-
resent observable behaviour of coalgebras for arbitrary functors by a \nal"
coalgebra, very much in the fashion of constructing the usual nal coalgebra
for a bounded functor. We keep the word \nal" quoted since the object we
are going to construct need not belong to the original category. At this point
we would like to stress the following:
(1) The construction is carried out for an arbitrary functor F .
(2) Throughout the construction we remain in Set.
(3) The unique pointwise homomorphisms into the \nal" coalgebra identify
precisely the elements with the same observable behaviour.
(4) The price to pay, however, is the introduction of new morphisms.
2
In the third part of the paper, we discuss a possibility to apply the in-
formation on the local behaviour of coalgebras encoded in the nal coalgebra
with respect to pointwise homomorphisms to model weak bisimulations for a
simple functor.
The basic notions of universal coalgebra we use (coalgebras, homomor-
phisms, isomorphisms, subcoalgebras, nal coalgebras, bisimulations and so
on) are as those in [11]. In most cases coalgebras will be denoted by A, B,
. . . , their carriers by A, B, . . . , and transition structures by , , . . . , respec-
tively. If this is not the case, the carrier and the transition structure will be
explicitely mentioned. The unique homomorphism into the nal object will
be referred to as nal homomorphism.
2 Structural properties of observable bisimilarity
In this section we consider Set-endofunctors F with the property that F -
bisimilarity is observable. We rst present a characterisation of functors with
the property that bisimilarity up to  steps (to be dened later) implies bisim-
2
Let us also remark that in contrast to approaches proposed to bypass the problem of
nonexisting nal coalgebras, among which are the switch to the category of classes and
set-based maps between them, the introduction of the Anti-Foundation Axiom, redening
the basic set-theoretic notions such as those of the ordered pair and function [12,1,8] or
assuming the existence of inaccessible cardinals, modelling the observable behaviour for an
arbitrary Set-endofunctor along the same guidelines (that is, using the unique maps into








ilarity, where  is an arbitrary limit ordinal. We are interested in the case
 = !, but have decided to consider the general case, since it is obtained at
no extra cost.
Let us start with a lemma whose various forms seem to be in the folklore
(cf. [6, Proposition 3.10]) and date back to [1].
Lemma 2.1 Let F be a Set-endofunctor, let S be a set and suppose that for
every F -coalgebra A we have a distinguished map f
A
: A ! S in Set. Then
the following are equivalent:
(1) The family ff
A
g is stable under homomorphisms (that is, if h is a ho-




Æ h), and for every pair






(2) There exists the nal coalgebra Z in Set
F
such that for every F -coalgebra
A the map f
A
is the unique homomorphism of A into Z, and F preserves
non-empty weak pullbacks of nal homomorphisms.
Proof. (Sketch) (2) ) (1) is obvious, so let us show that (1) ) (2). Since
we have representatives of bisimilarity types, the construction of the nal
coalgebra is straightforward. Let Z := ff
A
(a) : A is an F -coalgebra and
a 2 Ag. Clearly, Z is a set since it is contained in S. Dene the transition
structure  : Z ! F (Z) as follows. For z 2 Z there is a coalgebra A and its
element a 2 A such that f
A
(a) = z. Now set (z) := F (f
A
) Æ (a). From the
stability of maps f
A
under homomorphisms it follows immediately that  is
well-dened.
The construction of  implies that maps f
A
: A! Z (that is, codomain re-
strictions thereof, which we denote by the same symbol) are homomorphisms,
whence follows that F -coalgebra Z := hZ; i is weakly nal in Set
F
. To see
that Z is the nal coalgebra in Set
F





again follows from stability under homomorphisms.
This proves the rst two items listed in (2). Let us now show that F pre-
serves non-empty weak pullbacks of nal homomorphisms. According to [5,
Lemma 5.2], it suÆces to show that the pullback of any pair of nal homo-
morphisms is a bisimulation between their domains. Let f
A
: A ! Z and
f
B
: B ! Z be two homomorphisms such that their pullback P = fha; bi 2




(b)g in Set is non-empty. For every ha; bi 2 P there
exists a bisimulation 
ab










is a bisimulation between A and B, and P  

. To see that
P = 

, take any hu; vi 2 













(hu; vi) = f
B
(v) and thus
hu; vi 2 P . 2
Before we proceed to the main statement, let us briey recall the notion of
the nal sequence for a functor [4]. The nal sequence for a Set-endofunctor F




































and if  is a limit ordinal, then W












are the projections of the limit.
We say that the sequence stabilizes at  if w
+1

is bijective. If there
exists a regular cardinal  such that w
+1

is injective, then the nal sequence
stabilizes at some point and there exists a nal coalgebra for the functor [3,14].






i gives the nal coalgebra and the functor is said to be
continuous. We shall say that the functor is semi-continuous if there exists
a nal coalgebra hZ; i whose \inverse algebra" hZ; 
 1






i. In particular, if w
!+1
!
is injective, the functor is semi-continuous
(see [14]). Clearly, every continuous functor is also semi-continuous. The
nite powerset functor is an example of a semi-continuous functor that is not
continuous (see e.g. [3]).

















) Æ  = s
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,  < .
If we wish to emphasize that the cone was constructed for the coalgebra A,
we shall add it as an upper index, like in s
A





elements of A. For  = !, this is just what we called the observable behaviour
of elements of A.
The cones constructed above are stable under homomorphisms and hence
under bisimulations. More precisely, if there exists a homomorphism from






(b) for every ordinal














(b) implies the bisimilarity of a and b, we shall say that F -
bisimilarity is -observable.






g be the nal sequence for F . F -bisimilarity is -observable if and
only if

there exists the nal coalgebra hZ; i for F ,

the algebra hZ; 
 1







F preserves non-empty weak pullbacks of nal homomorphisms.
Proof. (: Let Z = hZ; i be the nal coalgebra for F . The proof is a
consequence of Lemma 2.1 provided bs
A



















is a limit, i is the unique mediating map between
the cone generated by Z and the limiting cone with W















































































Fig. 1. The diagrams from the proof of Theorem 2.2
a coalgebra and f : A ! Z the unique homomorphism. Iterating  via f
on top of  we get a cone over the same portion of the nal sequence with
A as its tip. Hence, i Æ f is the unique map from A to W

that makes the
diagram commute. However, s
A

: A ! W

is another map that makes the
diagram commute, whence s
A









): The proof of the rst and the third item follows from Lemma 2.1. Let us
show that hZ; 
 1






Coalgebra Z forms a cone over the nal sequence which we truncate at W

.
The inclusion i : Z !W

is the unique map that makes the diagram commute.
By the limit property of W

one obtains that w
+1





Æ F (i) = i Æ 
 1
(see Fig. 1 (b)). 2
Theorem 2.2 can be understood as a generalisation of the result on -
bounded bisimilarity given in [13]. In [13, Satz 5.59] the author showed that
under the assumption that F is -bounded bisimulations up to  suÆce to
deduce the bisimilarity of two states of the same coalgebra. As the functor
P
+
of taking the non-empty subsets satises the conditions of Theorem 2.2,
we see that boundedness is not necessary for the conclusion.
It is natural to ask whether functors fullling the requirements of Theo-
rem 2.2 have to preserve weak pullbacks in general. As the example below
demonstrates, this is not the case.
Example 2.3 Let F be the Set-endofunctor given by F (X) = f?g [ fS 
X : jSj = 2g on objects and by
F (f)(Y ) =
(




on maps. Note rst that F has the nal coalgebra, and it is the trivial one-
element coalgebra with the obvious transition structure. Let us now show that











are constant maps, so P = AB is their pullback in Set. Take any ha; bi 2 P
and dene Æ : P ! F (P ) as follows:

if (a) = (b) = ?, set Æ(ha; bi) = ?;

if (a) = ? and (b) = fs; tg, set Æ(ha; bi) = fha; si; ha; tig;

if (a) = fu; vg and (b) = ?, set Æ(ha; bi) = fhu; bi; hv; big;

if (a) = fu; vg and (b) = fs; tg, set Æ(ha; bi) = fhu; si; hv; tig.
An easy calculation shows that 
1
: P ! A and 
2
: P ! B are homomor-
phisms, hence hP; Æi is a bisimulation between hA; i and hB; i. To show
that F does not preserve weak pullbacks, we use the idea of [5, Example







































and  : C ! B : c 7! b
1
are homomorphisms. However, the pullback of ' and  is not a bisimulation:
since the pullback of the two maps is the one-element set P = fha
1
; cig, we
have that F (P ) = f?g, and the only possible transition structure on P is
given by Æ : ha
1
; ci 7! ?. Another easy calculation shows that 
1
: P ! A is
not a homomorphism.
Although some of the results that follow remain valid for arbitrary limit
ordinals, in the rest of the paper we consider only observable behaviour. By
instantiating Theorem 2.2 for  := ! and recalling a couple of denitions, we
arrive at the following corollary.
Corollary 2.4 Let F be a Set-endofunctor. F -bisimulations are observable
if and only if F is semi-continuous and preserves non-empty weak pullbacks of
morphisms into the nal coalgebra which exists by the semi-continuity of F .
So, nal semantics is observable in our sense for a rather limited class
of type-functors. This is in a slight collision with the general belief that
nal semantics should always be understood as an observable behaviour of
systems [11].
We shall now point to a possibility to characterize by logical means situ-
ations where bisimilarity is observable. In particular, we shall see that this
happens precisely in those cases when bisimilarity can be expressed by a frag-




be the set of all non-empty nite subsets of 1+F (1)+F
2
(1)+ : : :.
A singleton f'g is identied with the corresponding formula, while the set
f'
1
; : : : ; '
n
g corresponds to the nite conjunction '
1
^ : : : ^ '
n
. The unique
element of 1 = fg is understood as true. Note that all these formulae appear
in the language of coalgebraic logic as presented in [6]; in particular, elements
of F
n
(1) correspond to j
n
(a) for some element a of an F -coalgebra A. (To
be precise, j
n























) is the canonical inclusion that comes with the




We introduce the satisability relation very much in the fashion of [13].
Let ' 2 L
n
be a nitary formula, A = hA; i an F -coalgebra and a 2 A. If
' =  
1
^ : : :^ 
n
, then A; a j=
n




for all k 2 f1; : : : ; ng.
If ' is not a conjunction then ' 2 F
n








(a) = '. Note that j=
n
is a severe restriction of the
satisability relation proposed in [6]. Such a restriction was necessary, since
by Corollary 2.4 we cannot expect our functors to have all the properties
assumed in [6]. However, one can easily show that if the type-functor is nice
enough, j=
n





i is the nitary fragment of the coalgebraic logic.





satisfy the same set of L
n
-formulae. We shall say that F -bisimilarity cor-




i if F -bisimilarity of two states
implies their logical equivalence and vice versa. With all this one can now
easily show the following.
Proposition 2.5 Let F be a Set-endofunctor. F -bisimilarity is observable if





Proof. For a coalgebra A and a 2 A, let Th
A
(a) = f' 2 L
n
: A; a j=
n
'g.










uniquely determine each other. If Obs
A






; : : :i, then Th
A
(a)
contains formulae  
n
, n > 0, their nite conjunctions and nothing else. On
the other hand, given Th
A




















; : : :i. 2
3 Modelling the observable behaviour
We would now like to lift the ideas from the proof of Theorem 2.2 to a purely
behavioural level. We are going to collect all possible behaviours and impose a
transition structure on this set. The construction has three basic ingredients.

Clearly, the set fObs
A
(a) : A is an F -coalgebra and a 2 Ag is going to be
the carrier of the nal object.

We shall unfold the computations of F -coalgebras by embedding Set
F
fully
and faithfully into Set
T




 : : : in the obvious
way: a coalgebra A := hA; i is mapped onto
b







; : : :i, while morphisms are left unchanged.

We shall add new morphisms to the category Set
T
and show that in the
new category, denoted by Set

T









more precisely, its image under the faithful embedding) in the sense of
Denition 3.17.
Homomorphisms preserve observable behaviour, but there exist maps which
preserve observable behaviour although they are not homomorphisms. Con-
sider the two coalgebras for the functor F (X) = fa; bg + X and a mapping
depicted below. The mapping is obviously not a homomorphism, but it pre-





































Note also that at each point one can approximate the map by a homomor-
phism, although the map itself is not a homomorphism. This is why we are
interested in pointwise homomorphisms.
Denition 3.1 Let T be an arbitrary Set-endofunctor and let A := hA; i
and B := hB; i be T -coalgebras. We say that hf; 'i is a pointwise homomor-





(1) f : A! B is a map, ' : T (A)(! T (B) is
a partial map, dom(') = (A), and Æf =













(2) (approximation property) for every a 2 A there exists a map g
a
: A! B
such that f(a) = g
a
























Given a map f : A ! B there exists at most one ' : T (A) (! T (B)
such that hf; 'i is a pointwise homomorphism. Composition of pointwise







as the identity. So, T -coalgebras and pointwise homomorphisms constitute a




For every T -homomorphism h : A ! B, hh; T (h)j
(A)
i is a pointwise homo-





given by G(A) = A on objects and
G(h) = hh; T (h)j
(A)
i on morphisms is a faithfull embedding. In particular,
bisimulations in Set
T
remain bisimulations in Set

T













Pointwise homomorphisms lack many properties of homomorphisms. As
an example, we present a bijective pointwise homomorphism that is not an
isomorphism (i.e., is not invertible), a pointwise isomorphism that is not an
isomorphism and a pointwise epimorphism that is not surjective.
Example 3.2 Let P denote the covariant powerset functor, let X = f1; 2; 3g











Let ' : P(X) (! P(X) be a partial map such that '(f2; 3g) = f1g,
'(f1; 3g) = f2g, '(f1; 2g) = f3g and '(Y ) is undened for other subsets
Y of X. Then hid
X
; 'i is a bijective pointwise homomorphism from hX;i
to hX; i. To see this, we only have to show that ' has the approximation
property. For t 2 X let c
t
: X ! X : x 7! t denote the constant map. It is
clear that c
x
approximates hf; 'i at x, x 2 f1; 2; 3g.
Suppose now that the pointwise homomorphism hid
X
; 'i is invertible and
let hid
X
;  i be the inverse. For set-theoretical reasons  has to map f1g to
f2; 3g. But, this implies that  is not approximable: the approximability of  
would imply the existence of a map h : X ! X such that  (f1g) = P(h)(f1g).
However, j (f1g)j = 2 while jP(h)(f1g)j = 1.
Example 3.3 Consider the following two non-isomorphic P-coalgebras on
X = f1; 2; 3; 4; 5g:  =
 
1 2 3 4 5




1 2 3 4 5
f3;4g f5g ? ? ?

.
Together with ' : P(X)(! P(X) given by '(f3; 4g) = f3; 4g, '(f4g) =
f5g, '(?) = ? and '(Y ) is undened for all other subsets Y of X, the identity
map id
X





i is a bijective pointwise homomorphism from hX; i to hX;i.
Therefore, hid
X
; 'i is a pointwise isomorphism between the two coalgebras.
Example 3.4 Consider the functor F (X) = 1 + X
2
and coalgebras A and










. Let he; "i : A ! B be the
following pointwise homomorphism between A and B: e : 1 7! 1, 3 7! 3, and
" : h1; 3i 7! h1; 2i,  7! , where " is left undened in other cases. Clearly,
e is not surjective. To show that he; "i is epi, it suÆces to show that for
every pointwise homomorphism hf; 'i : B ! B
0
the value of f(2) is uniquely
determined by f(1). Let f(1) = p. By the approximation property, there
exists a map h : B ! B
0
such that f(1) = h(1) and '(h1; 2i) = hh(1); h(2)i.
So h(1) = f(1) = p, and if h(2) = q, we have that '(h1; 2i) = hp; qi. Now,
consider f(2). By the approximation property there exists a map k : B ! B
0
such that f(2) = k(2) and '(h1; 2i) = hk(1); k(2)i. Since '(h1; 2i) = hp; qi,
we get k(1) = p, k(2) = q, whence f(2) = q. Therefore, f(2) is uniquely
determined by f(1) and '((1)), whence follows that he; "i is epi.
This example also shows that an image of a coalgebra under a pointwise
homomorphism is not necessarily a coalgebra.
Example 3.5 Consider the functor F (X) = (X)
3
2







2g with F (f)(hx; y; zi) = hf(x); f(y); f(z)i, and let hA; i and hA; i be










. There is no pointwise homomorphism from hA; i to hA; i
or the other way around, although the observable behaviour of any state of
the rst coalgebra is identical to the observable behaviour of any state of the
second one.
Denition 3.6 By a T -type we mean any map  : 1! T (1). We say that a
T -coalgebra hA; i has a type  : 1 ! T (1) if there exists a map e : 1 ! A
such that  = T (!
A












Let ty(A) = f : A has the type g. For a 2 A, let e
a
: 1! A :  7! a. Then
the type of a is the arrow ty
A
(a) = T (!
A
) Æ  Æ e
a




Example 3.7 Let F (X) = P(L  X), where L = fa; bg. There exist four
types for this functor: 
?
:  7! ?, 
a
:  7! fag, 
b
:  7! fbg and

ab
:  7! fa; bg, where a and b are abbreviations for ha; i and hb; i,


















































Lemma 3.8 Let A, B, B
i
, (i 2 I), be T -coalgebras, and let a 2 A and b 2 B.











(3) If A is a subcoalgebra of B, then ty(A)  ty(B). If A is a homomor-











(4) Suppose that no two elements of B have the same type. Then there exists
at most one pointwise homomorphism from A to B.
Proof. (3) is a direct consequence of (1), while (2) follows from (1) and the








(ha; bi) = ty
B
(b).
(1) Let hf; 'i be a pointwise homomorphism between A and B such that
f(a) = b. Let e
a
: 1 ! A :  7! a and e
b





) Æ  Æ e
a




) Æ  Æ e
b









() = T (!
B
) Æ  Æ e
b
() = T (!
B
) Æ
 Æ f Æ e
a
() = T (!
B
) Æ ' Æ  Æ e
a
() = T (!
B
) Æ
'((a)). By the approximation property, there
exists a map h : A ! B such that f(a) =

























'((a)) = T (!
B
) Æ T (h)((a)) = T (!
B
Æ h) Æ (a) = T (!
A






(4) Let f; g : A ! B be pointwise homomorphisms and let a 2 A be






(g(a)). Since no two
elements of B have the same type, we get f(a) = g(a). 2
Denition 3.9 We shall say that a T -coalgebra D is discrete if every sin-


















Obviously, every discrete coalgebra is a sum of pairwise distinct types.
Discrete coalgebras will be the main tool in the construction that follows.




Proof. The coalgebra Q = hQ; i is the sum of coalgebras h1; 
i
i, i 2 I, for
some index set I. The type h1; 
w
i is a summand, so there is an injection

w
: 1 ! Q :  7! w. Then ty
Q
(w)() = T (!
Q
) Æ  Æ 
w
() = T (!
Q




















Lemma 3.11 If D is a discrete coalgebra and hf; 'i : D ! A a surjective
pointwise homomorphism, then f is an isomorphism (in the usual sense).

















, since D is discrete.
Suppose D = fd
j




for i 6= j.
Coalgebra D is discrete, so for every j 2 J there exists











g ! D into a homomorphism. Let
f
j




:= ' Æ T (
j
), j 2 J . Being a























is a pointwise homomorphism for all j. By the aproximation property, there





































i, there exists a unique homomor-
phism
b
f : D ! A such that the adjacent diagram commutes





f = f , that is hf; 'i = hf; T (f)j
Æ(D)


























Lemma 3.12 Let A and D be T -coalgebras and suppose D is discrete.
(1) There exists a pointwise homomorphism f : A ! D if and only if ty(A) 
ty(D).
(2) There exists a surjective pointwise homomorphism f : A ! D if and only
if ty(A) = ty(D).
Proof. (1) Direction ) follows from Lemma 3.8, so let us show (.




i : i 2 Ig for some index set I, where we assume that











i. Clearly Q embeds
into D, so it suÆces to show that there exists a pointwise homomorphism from
A into Q.



















g ! Q is the inclusion of f
k
g into the sum. The
map f is well-dened since a type of an element of a coalgebra is uniquely de-
ned. To show that ' is well-dened on its domain, note that from (a) = (b)




(b). By the construction, we have dom(') = (A).
The adjacent diagram shows that  Æ f = ' Æ . Finally, let us show
that hf; 'i has the approxima-
tion property by showing that












) = T (
k






















































(2) follows by the same argument as (1). 2
We shall now show that every T -coalgebra A has what we call the least
quotient which corresponds to \factoring" the coalgebra by \the greatest ob-







For T -coalgebrasA and B by B 4 Awe denote that there exists a surjective
pointwise homomorphism h : A ! B. Let H
w
(A) denote the class of all T -
coalgebras B such that B 4 A. Since \4" is a pre-order, least elements in
H
w
(A) (if they exist) are not necessarily unique. We shall show that H
w
(A)
has least elements and that they are all isomorphic in the usual sense.
Proposition 3.13 Let A be a T -coalgebra.
(1) H
w
(A) has a least element which is a discrete coalgebra.
(2) All the least elements of H
w
(A) are isomorphic.
Proof. (1) As in the proof of Lemma 3.12 we construct the sum of all the




i : i 2 Ig for some index set I, where we












Q is a discrete coalgebra and ty(A) = ty(Q). By Lemma 3.12, Q 2 H
w
(A).
To see that Q is a least element of H
w
(A), take any B 2 H
w
(A). There exists







3.12 we get that there exists a surjective pointwise homomorphism B ! Q.
Therefore, Q 4 B. So, Q is a least element of H
w
(A).
(2) Let B be a least element of H
w
(A). Since Q constructed in (1) belongs
to H
w
(A), there exists a surjective pointwise homomorphism f : Q ! B. But
Q is discrete, so by Lemma 3.11, f is an isomorphism. Therefore, all the least
elements of H
w
(A) are isomorphic to Q. 2
Denition 3.14 Thus, we can talk of the least element of H
w
(A) which we
refer to as the least quotient of A.
For z 2 T (1) let 
z
: 1 ! T (1) :  7! z be the corresponding type.





i. Clearly,  : T (1) !




Theorem 3.15 For every T -coalgebra A there exists a unique pointwise ho-
momorphism from A to Z.
Proof. The least quotient Q of A obviously embeds into Z. According to
Lemma 3.12 there exists a surjective pointwise homomorphism h : A ! Q
and the composition of the two gives a pointwise homomorphism A! Z. No
two elements of Z have the same type, so there exists at most one pointwise
homomorphism from A to Z (Lemma 3.8). Therefore, there exists exactly
one homomorphism from A to Z. 2




constructed as above. Let f
A
: A ! Z and f
B
: B ! Z be the















We close the general discussion by showing that every subcategory of Set

T
has the nal object in Set

T
in the sense of Denition 3.17. Let us rst recall a
few notions. Let C be a category, let D be a subcategory of C and let a be an









is called a sink and













is a sink denoted by h Æ S. A sink S is
epi if g Æ S = h Æ S implies g = h, for all C-arrows g; h : a! b.
Denition 3.17 Let D be a subcategory of some category C and let u be an
object of C. We say that u is the nal object for D in C if the following is
satised:

there exists a unique sink S : D) u;





: D ) u
0
is an epi-sink, then there exists a C-arrow h : u
0
! u such
that S = h Æ S
0































Let C be a subcategory of Set

T









be a sink. We say that the sink S is surjective if for every a 2 A there exists
an X = hX; i 2 ob(C) such that f
X
(X) 3 a. Analogously, we say that a sink
S is sub-surjective if for every t 2 (A) there exists an X = hX; i 2 ob(C)
such that '
X
((X)) 3 t. From Example 3.4 it follows that an epi-sink in Set

T
need not be surjective. However,












: C ) A be a sink that is not sub-
surjective. Then there exists a t 2 (A) such that t =2 '
X
((X)) for all







Æ S = q
00





Let U := 
 1
(t)  A. By the choice of t, U 6= ? and f
X
(X) \ U = ?







be the least quotient of A, and hq;  i : A ! Q a pointwise homomorphism.
Further, let Q
0








i : A ! Q
0
be the pointwise












(a); a =2 U

u












); s = t;
where a ranges over A and s ranges over (A). Using the fact that all elements














Æ S = q
00
Æ S follows from the choice of t. 2




a nal coalgebra in Set

T
. Let ty(C) denote the set of all types of elements of
coalgebras from C. With a slight abuse of notation, we might also say that
ty(C) =
S
fty(A) : A is a coalgebra in Cg. We stress that ty(C) is a set,




i be the corresponding






















Proof. By Lemmas 3.12 and 3.8, for every A 2 ob(C) there exists a unique
pointwise homomorphism g
A
: A ! Z
C
. These pointwise homomorphisms
form a unique sink S : C) Z
C
. The sink S is surjective by the construction
of Z
C










: C ) B be another epi-
sink. To show that there exists a pointwise homomorphism B to Z
C
it suÆces
to show that ty(B)  ty(Z
C
) = ty(C) (Lemma 3.12).
Take any b 2 B. By Lemma 3.18 the sink S
0
is sub-surjective, so there
exists an A 2 ob(C) and an s 2 dom('
A
) such that '
A
(s) = (b). Choose











































(a) 2 ty(C). The rst equality follows from
(b
0
) = (b), the second from the fact that f
A
is a pointwise homomorphism,
while ty
A
(a) 2 ty(C) is true by the construction of ty(C). This shows that
ty(B)  ty(C) = ty(Z
C
). (Actually, one can easily see that ty(B) = ty(C)).2
The nal coalgebra Z in Set

T
constructed above models the local be-
haviour of T -coalgebras by providing information on one-step transitions (or
\the branching type" of a state). As the following examples show, in many in-
teresting cases the nal coalgebra provides too few information on the overall
behaviour of T -coalgebras.




g. Three types can be
identied for this functor: 
0
:  7! , 
1























) and conveys the
information that a state can be mapped either to a state, or to a
1
, or to a
2
.
Example 3.21 Let us now have a look at the nal coalgebra for the power-set
functor. Only two types exist for P-coalgebras: 
1
:  7! ?, and 
2
:  7! fg.
The nal coalgebra in Set

P










with the intuition that
a state is mapped either to the empty set, or to a non-empty set.
Example 3.22 Finally, let T (X) = (OX)
I
for some non-empty sets O and
I. The set of types T (1) is isomorphic to O
I




captures all possible one-step interactions with the user.




provide substantial information. Let us consider the case when T = ID 
F  F
2
 : : : for some functor F . Then T -types are precisely observable






















faithfully. From now on, by
[Set
F





. In the rest of the
section, when we say \type" we mean a type for the functor T , and reserve the
term \observable behaviour" for elements of F -coalgebras. As an immediate
corollary of Theorem 3.19 we get:













, then the unique pointwise homomorphisms




identify precisely the elements with the
same observable behaviour. If F -bisimulations are observable, then the unique






If the category Set
F






, although need not be isomorphic to it.
Proposition 3.24 Let W be the nal coalgebra in the category Set
F
and












is the least quotient of [W]. In particular, if F -bisimilarity
is observable then the unique pointwise homomorphism from [W] to Z
F
is
bijective (but not necessarily an isomorphism, recall Example 3.2).
Proof. It suÆces to show that the unique pointwise homomorphism from [W]
to Z
F
is surjective. Since Z
F
is discrete, the conclusion follows as in the proof
of Proposition 3.13.
Let h : [W]! Z
F
be the unique pointwise homomorphism. To see that h
is onto, take any t 2 Z
F
. According to the construction of Z
F
, there exists a
coalgebra A in [Set
F
] and an element a 2 A such that the unique pointwise
homomorphism f from A to Z
F
sends a to t. Since W is the nal object in
Set
F
, there exists a homomorphism g : A!W. The uniqueness of f implies
f = h Æ g. Then t = f(a) = h(g(a)), and h is onto.
Suppose now that F -bisimilarity is observable and let us show that h is
one-to-one. Take any u; v 2 W such that h(u) = h(v). According to Corollary





fhx; xi : x 2 Wg is the greatest F -bisimulation on W, whence u = v. 2
We illustrate the correspondence between [W] and Z
F
by an example.






: : : 2
O
!
there is a 
w
in the carrier of the Z
F























i; : : :i (note that this is a
T -coalgebra).
The image [W] of the nal F -coalgebra W has the same carrier, but the






























: : :. One might say that the transition
structure of Z
F







4 Types at work: local behaviour and weak bisimula-
tions
In this section we briey discuss a possibility to use \local semantics" rep-
resented by types and the nal coalgebra in Set

F
to introduce a notion of
weak bisimulation for a very simple functor F . A more general, syntactical
approach to weak bisimulations for coalgebras is presented in [9].
In [10] J. Rutten proposed a notion of weak bisimulation for while programs
in order to model some particular aspects of semantics of such constructs.
The purpose of this section is to rework the example presented there using
our language. As in [10], we consider coalgebras for F (X) = O +X and say
that   A  B is a weak bisimulation between F -coalgebras A and B if the
following four conditions are met:





, then there exists a y
0











if hx; yi 2  and x #
A
o, then there exists a y
0

















, then there exists an x
0








i 2 , and

if hx; yi 2  and y #
B
o, then there exists an x
0





















o means (x) = o 2 O and )
A
is the reexive transitive closure of
!
A
. States a 2 A and b 2 B are said to be weakly bisimilar if there is a weak
bisimulation  between A and B such that ha; bi 2 . For every F -coalgebra A
there is a partial map 
y
: A(! O dened by 
y
(x) = o if there is an x
0
2 A






o, and left undened for other x 2 A. These partial
maps provide the \nal semantics" that corresponds to the weak bisimulation





In the approach we propose, the idea is to use types to identify hidden
transitions. Thus, with the notation from Example 3.20 we would like to hide
all transitions of type 
0
. Therefore, from now on let S  F (1) be a set of silent
types { the types to hide, and let O := F (1)nS be the set of observable types.
Another ingredient that is needed is a way to extract states from elements of
F (X), so that we can eectively identify hidden transitions. Therefore, we
shall also assume that there exists a natural transformation  : F _! P.
Example 4.1 For F (X) = O +X we may take  : F _! P given componen-
twise by 
X
(o) = ? for o 2 O, and 
X
(x) = fxg for x 2 X.
For every functor F , the following is a natural transformation: 
X
:
F (X) ! P(X) : t 7! ?. This natural transformation corresponds to the
situation where no transitions are allowed to be hidden.




















notes the reexive transitive closure of a relation. Note that the pair h;Si
resembles the idea of D. Pattinson [7], except the fact that no completeness
condition is required. Various choices of h;Si realize various possibilities to
hide transitions.




is given in the
Example 3.20 and let  be given as in Example 4.1. For a coalgebra A we
then have 
A
= fha; bi 2 A
2
: (a) =2 O and b = (a)g
RT
.
Next, we introduce commutative diagrams containing rela-
tions. Let A, B, C, D be sets, let   A  C be a relation
and f : A ! B, g : C ! D and r : B ! D be maps. We say














exists c 2 C such that ha; ci 2  and r Æ f(a) = g(c). The denition extends
to similar cases in an obvious way.
Given h;Si and coalgebras A and B, we shall say that B simulates A,
and denote this by B j= A if there is a relation   A  B and a transition
structure  :  ! F () such that the diagram on








structure  adjusted appropriately to conform to
the inverse of , we shall say that  is a weak





















F (A) F ()
F (
1
) F (2) 
F (B)
Proposition 4.3 Given the pair h;Si from Example 4.2, coalgebras A and B
are weakly bisimilar in the sense of [10] if and only if they are weakly bisimilar
in our sense.
Moreover, we can capture the mapping 
y
as the unique pointwise morphism
into the nal coalgebra in Set

F
. Recall that this coalgebra is discrete and is
of the form  : F (1)! F (F (1)).
Proposition 4.4 Given the pair h;Si from Example 4.2, for every coalgebra
A there exists a unique map ' : A! F (1) such that the diagram on the right
below commutes.
Proof. Let A be an F -coalgebra, let o 2 O and x 2 A. If x # o then after a
nite number of -transitions x is sent to o. The least such number shall be
referred to as the height of x, and denoted by h(x). If no such number exists,
we write h(x) =1.
Recall that F (1) = O + 1 and that F (F (1)) = O + O + 1. In the latter
case, we shall write O + O
0
+ 1 to distinguish the elements of the leftmost
and middle O. Note also that by the construction of  we have (O) = O
identically, and (1) = 1. The existence of the map ' is easy: for x 2







adjacent diagram commute. Suppose now that  is a
map for which the diagram commutes, and let us show
that  = '. Take any a 2 A and let us consider two
cases. Suppose h(a) =1. The diagram above commutes
for  , so there exists an a
0




and  Æ  (a) = F ( ) Æ (a
0























diagram is  (a) = . Therefore,  (a) = '(a).
Let h(a) be an integer. The proof follows by induction on h(a). If h(a) = 1,
then (a) = o for some o 2 O, and '(a) = o. By the construction of 
A
, h(a) =
1 also means that if ha; xi 2 
A
, then x = a. Hence, from the commutativity
of the diagram for  we obtain  Æ  (a) = F ( ) Æ (a) = F ( )(o) = o. So,
 Æ  (a) = o and  (a) = o, by the construction of .
Now let h(a) = n and suppose that  (b) = '(b) for all b 2 A with h(b) < n.
The diagram commutes for  , so there exists an a
0




and  Æ  (a) = F ( ) Æ (a
0
). We are going to show that (a
0
) 2 O. Suppose




=2 O. Then F ( ) Æ(a
0





However,  Æ  (a) 2 O + 1 and the only way to have a commutative diagram
is  (a
00
) = . But h(a
00





) 2 O. Contradiction. Therefore, (a
0
) = o for some o 2 O and, by
the construction of 
A
, '(a) = '(a
0
) = o. On the other hand,  Æ  (a) =
F ( ) Æ (a
0
) = F ( )(o) = o, so  (a) = o, too. 2
In this case the map ' which corresponds to 
y
is not partial since we
have decided to keep all the types in the codomain, both visible and invisible
ones. A restriction of ' to '
 1
(O) would produce the exact behaviour of 
y
.
It might happen that those elements of A that are mapped into O constitute
a subcoalgebra { the observable part of A, which is the case for this particular
choice of F ,  and S.
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